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Abstract

The effects of tray side and drying chamber wall temperature on the performance of freeze-drying of pharmaceuticals
in vials arranged in clusters of hexagonal arrays on trays are studied, and the results of this work indicate that it would
be beneficial to operate the lyophilization process by (i) employing freeze-dryers whose trays have no tray sides, (ii)
using heat input control that runs the freeze-drying process close to the melting and scorch temperature constraints dur-
ing the primary and secondary drying stages, respectively, and (iii) keeping the drying chamber wall temperature slightly
higher than the melting temperature constraint during the primary drying stage, while during the secondary drying
stage the drying chamber wall temperature should not be significantly lower than the scorch temperature constraint.
The modeling and system formulation approach presented here provide a quantitative method that can be used in
the analysis, optimization and control of the lyophilization process, as well as in the design of freeze-dryers.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction work, we are interested in the lyophilization of a product

in cylindrical vials located on the surface of trays and ar-

Freeze-drying is a very important separation process
involving a moving sublimation interface and funda-
mental mechanisms of heat and mass transfer and its
use is widespread in the fine chemicals, food, pharma-
ceutical, and biotechnology industries [1-6]. In this
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ranged in clusters of hexagonal arrays, as shown in Fig.
1. In the freeze-dryers currently employed in industry,
the trays have tray sides as shown in Fig. 1b and the
movement of the sublimation interface during the pri-
mary drying stage of the lyophilization process is illus-
trated in Fig. 2 [3,6]. It is important to note here that
the vials arranged on the tray in clusters of hexagonal
arrays will have view factors differing in magnitude
because of their locations on the tray. These view factors
which differ among the vials could be effectively
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Nomenclature

Csw concentration of bound water (kg water/kg
solid)

&, initial (at 7=0) concentration of bound
water (kg water/kg solid)

Fp view factor for radiative heat transfer from

the lower heating plate (tray) to the curved
side of the product in the vial (dimension-
less)

Firay side view factor for radiative heat transfer from
the tray side to the curved side of the prod-
uct in the vial (dimensionless)

Fup view factor for radiative heat transfer from
upper heating plate (tray) to the top of the
product in the vial (dimensionless)

Fyansidge view factor for radiative heat transfer from
the drying chamber wall to the curved side
of the product in the vial (dimensionless)

Fyaiop view factor for radiative heat transfer from
the drying chamber wall to the top of the
product in the vial (dimensionless)

H(t,r)  geometric shape (as per Fig. 2b) of the mov-
ing interface, a function of time and radial
distance (m)

h, heat-transfer coefficient (W/K m?)

L length of sample (product) in vial (m)

q1 heat flux (as per Fig. 2b) in the dried layer /
at z=0 (W/m?)

qu heat flux (as per Fig. 2b) in the frozen layer
I at z= L+ (Wm?)

g heat flux (as per Fig. 2b) in the side of the
vial at r = R + 8 (W/m?)

r space coordinate of radial distance (m)

R radius of vial (m)

Reozen  radial extent of frozen layer, as per Fig. 2d
(m)

t time (s)

t, t when first H(¢, R) = L, as per Fig. 2d (s)

ty t when first H(z,0) = L, as per Fig. 2d (s)

Toiass temperature of vial glass (K)

Ty, temperature of lower heating plate (tray)
(K)

Tm melting temperature of frozen layer II (K)

Tscor scorch temperature of dried layer I (K)

Tiray side temperature of tray side (K)
Tup temperature of upper heating plate (tray)

(K)
Twan temperature of wall of drying chamber (K)
T temperature in dried layer I (K)
Tu temperature in frozen layer II (K)
z space coordinate of distance along the

length of the vial (m)

Greek symbols

p angle between tangent to interface at r = R
and horizontal, as defined in Eq. (4) (deg)

0 thickness of the glass wall of the side of the
vial (m)

0 thickness of gas gap (m)

o Stefan-Boltzmann constant (W/m? K*)

1 thickness of the glass at the bottom of the
vial (m)

v sum of y and 6 (Y = y + 0) (m)

accommodated [6] by five distinct sets of vials on the
tray as shown in Fig. 1b, whose view factors could be
considered as representing an effective medium approxi-
mation [6-10] among the differing view factors of the
vials on the tray. The vials on the five different character-
istic locations on the tray shown in Fig. 1b can be asso-
ciated with vials receiving distinctively different heat
inputs ¢; and ¢ (Fig. 2b). These vials are designated
as (i) center vials, (ii) side vials of type s, (iii) side vials
of type 2s, (iv) side vials of type 3s, and (v) corner vials,
and their respective locations on a tray are shown in Fig.
1b. In practice, clusters of vials in hexagonal arrays on a
tray are preferred over square arrays because more vials
of the same size can fit on a given surface area of a tray
when the vials are arranged in clusters of hexagonal ar-
rays. Sheehan and Liapis [3] and Gan et al. [6] have
shown that heat input control that runs the
lyophilization process close to the melting and scorch
temperature constraints yields (1) faster drying times,

and (2) more uniform distributions of temperature and
bound water at the end of the secondary drying stage;
this result provides a more stable product during
storage.

Kobayashi et al. [2] studied the inter-vial variance
of the sublimation rate during the primary drying stage
by constructing a laboratory-scale freeze-dryer whose
drying chamber wall temperature could be controlled.
They found [2] that by controlling the drying chamber
wall temperature the inter-vial variance of the sublima-
tion rate as well as the duration of the primary drying
stage could be decreased; Kobayashi et al. [2] used a
heat input policy that did not run the lyophilization
process close to the temperature constraints. Gan et
al. [12] and Gan [14] have shown that during the pri-
mary and secondary drying stages heat input control
that runs the freeze-drying process at the temperature
constraints has a much more significant effect in reduc-
ing the inter-vial variance of the sublimation rate and
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Upper heating plate (tray)

0.

Tray surface / lower heating plate (tray)

o 4
tray side

T

Vial location on tray surface:
¢ = center vial
1s =side vial of type 1s
2s =side vial of type 2s
3s =side vial of type 3s
cn = corner vial
(b)

Fig. 1. (a) Clusters of hexagonal arrays of vials on a tray; (b) characteristic locations of vials on a tray surface when the vials on the

tray are arranged in clusters of hexagonal arrays.
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Fig. 2. (a) Cylindrical vial with stopper used in the lyophilization of pharmaceutical products; (b) diagram of a material being freeze-
dried in a vial; (c) depiction of the observed movement of the sublimation interface in the material in a vial; and (d) radially distributed

disappearance of frozen layer.



1678 K H. Gan et al. | International Journal of Heat and Mass Transfer 48 (2005) 1675-1687

the drying time than in the case of a system that em-
ploys drying chamber wall temperature control and a
heat input policy that runs the freeze-drying process
below the temperature constraints. While control of
the drying chamber wall temperature would be re-
quired [11-13] during the freezing stage of the lyophi-
lization process, Gan et al. [12] have shown that the
extra expense that would be required to control the
drying chamber wall temperature during the primary
and secondary drying stages of the freeze-drying pro-
cess employing trays with tray sides would provide a
very small reduction in the drying time and the inter-
vial variance of the sublimation rate as long as heat in-
put control during the primary and secondary drying
stages runs the lyophilization process at the tempera-
ture constraints [3,6,12].

Furthermore, Gan et al. [12] and Gan [14] have found
that when heat input control runs the lyophilization
process at the temperature constraints, the drying time
decreases as the height of the tray side (Fig. 1b) de-
creases. This finding [12,14] also led us to study the dy-
namic behavior of a freeze-drying system where the trays
have no tray sides, and in this work the results of this
study are reported.

2. System formulation and modeling

The lyophilization process in this work is conducted
with cylindrical vials (Fig. 2a) arranged in clusters of
hexagonal arrays (Fig. 1) being dried simultaneously
on the tray. It is important to indicate here that on a tray
that measures 0.8 m x 0.8 m, 2822 vials having each a
diameter of 0.016 m [15] can be placed on this tray; cen-
ter vials make up 92.56% (2612 vials) of the total num-
ber of vials on the tray, 1s vials make up 1.99% (56
vials) of the total number of vials on the tray, 2s vials
represent 3.40% (96 vials) of the total number of 2822
vials, 3s vials represent 1.91% (54 vials) of the total
number of 2822 vials, and there are four corner vials
on the tray that represent 0.14 % of the total number
of vials.

The rigorous unsteady state and spatially multidi-
mensional model of Sheehan and Liapis [3] is used
to study the dynamic performance of the lyophiliza-
tion process in cylindrical vials and to determine the
effects of the tray side on the overall drying time
and the distributions of the temperature and concen-
tration of bound water in the product at the end of
the freeze-drying process; these distributions affect
the stability of the product during storage. The heat
inputs ¢y, ¢r, and ¢ to the product (Fig. 2b) em-
ployed in the model of Sheehan and Liapis [3] when
the cylindrical vials are arranged in clusters of hexag-
onal arrays on the tray (Fig. 1), are determined from
Egs. (1)-(3):

91 = qil-—o
= 0Fy, (Tﬁp -7

)

+ O'Fwall.top (T4 T?

wall —
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The variable z is the longitudinal distance measured
from the top surface of the product in the vial (Fig.
2b). The variable s is the sum of the thickness of the
glass at the bottom of the vial, y, and the thickness of
the gas gap, 0(y = y + 0). The first term in Eq. (3) is
the heat input originating from the inter-vial area
on the surface of the tray where the vial is located, the
second term represents the heat input from the tray side,
and the third term quantifies the heat input originating
from the drying chamber wall. From Eq. (2), one sees
that the amount of heat input into the bottom of the vial
for each vial, as quantified by ¢y, is the same for a vial
placed in different locations on the tray. The amount of
heat input into the top surface of the vial, ¢y, differs for a
vial placed in different locations on the tray due to the
differing view factors of each vial to the upper heating
plate, Fyp, and to the drying chamber wall, Fyj top-
Similarly, the amount of heat input into the curved side
of the vial, ¢y, differs for a vial in different locations on
the tray due to the differing view factor of each vial to
the lower heating plate, Fy,, the differing view factor of
each vial to the tray side, Fiay side» and to the drying
chamber wall, Fy,sige- In the case where the height of
the tray side is equal to the height of the product in
the vial, the variable F,jside 1S set equal to zero as the
curved side of the vial does not “see”” the drying cham-
ber wall; in the case where the height of the tray side is
equal to zero, the variable Fi,,y siqe is set equal to zero as
the curved side of the vial does not “see” the tray side.
For a tray side whose height is greater or smaller than
the height of the product in the vial, Egs. (1) and (3)
can be easily modified to account for the different view
factors. For example, in the case where the height of
the tray side is greater than the height of the product
in the vial, an additional view factor from the top sur-
face of the product to the tray side, Firay side,tops 15 added
to Eq. (1), as shown in Gan [14]. In the case where the
height of the tray side is smaller than the height of the
product in the vial, Eq. (3) would be modified to account

4 4
+ aFwall,side (Twall - Tglass




K H. Gan et al. | International Journal of Heat and Mass Transfer 48 (2005) 1675-1687 1679

for two different regions along the curved side of the vial
(above and below the tray side, respectively) that have
distinctively different view factors to the tray side,
Firay siges and to the drying chamber wall, Fy,jside, as
shown in Gan [14].

The product in the vials is taken at time ¢ < 0 (before
the start of the primary drying stage of the lyophilization
process) to be a frozen solution of skim milk; this prod-
uct was selected because it could be considered as a com-
plex pharmaceutical product in the sense that it contains
enzymes and proteins [3,16]. The height, L, and radius,
R, of the product in the vial are taken to be equal to
0.016 m and 0.007 m, respectively, the thickness of the
glass at the bottom of the vial was 0.0007 m and the ra-
dius of the stopper was 0.0062 m; these dimensions are
representative of the international standard [15] used
for lyophilization in vials. A tray of dimensions of
0.8 mx 0.8 m was considered and in determining the
influence of the tray side on the process two cases were
studied: (i) a tray with tray side and (ii) a tray without
tray side. In case (i), the height of the tray side is taken
to be equal to 0.0174 m and this height is equal to the
sum of the height, L, of the product in the vial and
the thickness, y, of the glass of the vial (0.0007 m) and
the thickness, 0, of the gas gap (0.0007 m) at the bottom
of the vial [15]. In case (ii), the height of the tray side is
taken to be equal to 0 m. The values of the view factors
and heat transfer coefficient employed in Egs. (1)—(3) for
the systems studied in this work are shown in Table 1
while the detailed calculations for determining these val-
ues can be found in Gan [14]; also in Gan [14] one can
find the expressions for determining the values of the
view factors when the height of the tray side is larger
or smaller than the height of the product in the vial. Fur-
thermore, the distance between the drying chamber wall
and the side of the tray was 0.075 m while the distance

Table 1

between the upper heating plate (tray) and the top of
the product in the vial was equal to 0.0986 m. The melt-
ing, Ty, and scorch, Ty, temperatures of the product
are 263.15 K and 313.15 K, respectively, and the value
of the drying chamber wall temperature, Ty, was kept
at a constant value. The values of all the other parame-
ters of the lyophilization system studied in this work, are
given in Table 1 of the work of Sheehan and Liapis [3].

3. Results and discussion

In this work, a heat input control policy is used that
runs the process (i) close to the melting temperature con-
straint during the primary drying stage where the frozen
water is removed by sublimation, and (ii) close to the
scorch temperature constraint during the secondary dry-
ing stage where bound (sorbed) water is removed by
desorption [3,5,12,14], for all vials being arranged in
clusters of hexagonal arrays and dried simultaneously
on the tray. During the primary drying stage, this heat
input control policy was achieved by monitoring the
product temperature in each type of vial (Fig. 1b) and
controlling the heat input so not to melt the product first
in the most vulnerable vial (the vial that receives the
highest amount of heat input); after the primary drying
stage of the most vulnerable vial was completed, the heat
input was controlled so not to melt the product in the
next most vulnerable vial, and this sequence is repeated
until all the vials on the tray have completed their pri-
mary drying stages. Because there will be some vials
on the tray that have completed their primary drying
stage and have started their secondary drying stage while
some other vials are still in their primary drying stage,
the heating plate temperature, 7Tj,, in Fig. 3 could be in-
creased, decreased, and increased again to satisfy the

Values of the view factors and heat transfer coefficient used in Egs. (1)-(3) for cases (a)—(c)

Parameters in Egs. (1)—(3)

Location of vial

Center Side Corner
1s 2s 3s
Case (a) Fip 0.86 0.272 0.444 0.281 0.209
Fyail,top 0.06 0.648 0.476 0.639 0.711
Ry 0.0203 0.04847 0.02344 0.0501 0.035
Firay side 0 0.2722 0.5 0.5 0.75
Fwall,sidc 0 0 0 O O
hy (W/m? K) 30.0 30.0 30.0 30.0 30.0
Cases (b) and (c) Fyp 0.86 0.272 0.444 0.281 0.209
Fyalttop 0.06 0.648 0.476 0.639 0.711
by 0.0203 0.04847 0.02344 0.0501 0.035
Flray side 0 0 0 0 0
Fallside 0 0.2722 0.5 0.5 0.75
h, (W/m2 K) 30.0 30.0 30.0 30.0 30.0
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Fig. 3. Program of the temperature, Tj,, of the lower heating
plate (tray) for cases (a)—(c).

temperature constraints and at the same time run the
process as close as possible to the melting and scorch
temperature constraints. When the least vulnerable vial
has completed its primary drying stage, the heating plate
temperature, Ty, is raised to the value of the scorch tem-
perature of the product in the vials until the total
amount of bound water remaining at the end of the sec-
ondary drying stage in the product in the center vial,
which represents more than 90% of all vials on the tray,
reaches 3% [3,4,6,12] of the total amount of bound water
present at the beginning of the primary drying stage in
the product in the vial, whereupon the lyophilization
process is terminated. In Fig. 3, the variation of the tem-
perature, Tip, of the heating plate (that is, the variation
of the temperature of the tray) with respect to time is
presented for the cases where (a) the height of the tray
side is equal to the height of the product and
Twan = 263.15 K for all times, (b) the height of the tray
side is equal to zero and Ty,; =263.15 K for all times,
and (c) the height of the tray side is equal to zero and
Twan = 293.15 K for all times. The values of the view fac-
tors and heat transfer coefficient used in Egs. (1)—(3) for
cases (a)—(c) are reported in Table 1 while the detailed
calculations for determining these values can be found
in Gan [14]. During the primary drying stage, the heat
input to the curved side of the corner and side vials is
largest in case (a) due to the presence of the tray side,
which is maintained at 373.15 K initially and which rep-
resents the highest temperature achieved by the equip-
ment. Thus, in case (a), the corner vial becomes the
most vulnerable vial on the tray and the large side heat
input, ¢y, causes the melting temperature constraint to
be reached first in the corner vial in case (a), as shown in
Fig. 3. In case (b), the removal of the tray side and the
low drying chamber wall temperature at 263.15 K re-
duces by a significant amount the magnitude of the heat
transferred to the side and corner vials. Thus, in case (b),
the center vial receives more heat compared to the side
and corner vials and is the most vulnerable vial. Because
of the lower heat input into the curved side of the center
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vial, the melting temperature constraint is reached at a
much later time after the start of the primary drying
stage in the center vial in case (b), when the temperature,
Tip, of the lower heating plate is first reduced, as shown
in Fig. 3. In case (c), even with the removal of the tray
side, the drying chamber wall temperature is being main-
tained at 293.15 K and this means that a larger heat
input arrives at the curved sides of the side and corner
vials from the drying chamber wall. Thus, in case (c),
the corner vial is the most vulnerable vial. The tempera-
ture, Ty, of the lower heating plate (tray) in the case
where the tray side is removed and the drying chamber
wall temperature is kept at 263.15 K (case (b)) remains
the highest among the three cases shown in Fig. 3 during
the primary drying stage, because the heat input at the
curved side of the vials, ¢y, in case (b) is substantially
smaller in magnitude than the value of ¢y in cases (a)
and (c). This allows a higher operational temperature,
Tip, of the lower heating plate (tray) to be employed in
order to maintain the product temperature in the center
vial close to its melting temperature constraint. In Fig. 3,
the temperature, 7j,, of the lower heating plate (tray) in
case (c) has to be reduced below the temperature, Ty, of
the lower heating plate (tray) in case (a) some time after
the start of the primary drying stage, because the higher
drying chamber wall temperature maintained in case (c),
compared to the temperature of the tray side in case (a)
whose temperature varies as shown in Fig. 3, supplies
more heat to the curved side of the corner vial than in
case (a) and, thus, the heat that needs to be supplied
from the lower heating plate (tray) is lower in case (c).
It is also observed from Fig. 3 that the temperature,
Ty, of the lower heating plate in case (b) is decreased,
increased, and decreased fewer times and this makes
the duration of the primary drying stage to be shorter
in case (b) than in cases (a) and (c).

In Table 2 the total drying times as well as the drying
times of the primary drying, changeover, and secondary
drying stages, for cases (a)-(c) are presented. From
Table 2 one can determine that the total drying time in
the case where the tray side is removed from the tray
is 6.9% shorter relative to the total drying time in the
case where the height of the tray side is equal to the
height of the product. This is because in the case where
the tray side is removed and heat loss from the side and
corner vials to the drying chamber wall occurs, as in case
(b), the temperature, Ty, of the lower heating plate
(tray) required to dry the product in the center vial close
to the melting temperature constraint would be able to
satisfy the temperature constraint of the product in the
side and corner vials and thus, could dry the product
in the side and corner vials on the tray sufficiently close
to their melting temperature constraint, and this short-
ens the overall drying time. The data in Table 2 also
show that the primary drying time for the center vial
placed on the tray without tray side, which represents
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Table 2
Primary, changeover, secondary, and total drying times for the
vials in cases (a)—(c)

Table 3
Values of the angle f (in degrees) at different times during the
primary drying stage for cases (a)—(c)

Drying times

Primary Changeover Secondary Total
Case (a)
Twan = 263.15K for all times
Center 9.69 0.004 12.44 22.13
Is 8.99 0.051 13.09 22.13
2s 8.40 0.075 13.66 22.13
3s 8.37 0.076 13.69 22.13
Corner 7.87 0.099 14.16 22.13
Case (b)
Twan =263.15K for all times
Center 8.15 0.005 12.45 20.60
Is 8.39 0.011 12.20 20.60
2s 8.33 0.007 12.26 20.60
3s 8.33 0.011 12.26 20.60
Corner 8.38 0.012 12.21 20.60
Case (c)
Twan = 293.15 K for all times
Center 9.74 0.004 12.44 22.18
Is 8.91 0.053 13.22 22.18
2s 8.41 0.084 13.69 22.18
3s 8.37 0.073 13.74 22.18
Corner 7.89 0.148 14.14 22.18

more than 90% of all vials on the tray, has decreased by
15.9%, relative to the primary drying time for the center
vial placed on the tray with tray side whose height is
equal to that of the product. In case (a) where the tray
side is present and the drying chamber wall temperature
is at 263.15 K for all times as well as in case (c) where the
tray side is removed and the drying chamber wall tem-
perature is at 293.15 K for all times, the temperature,
Tip, of the lower heating plate (tray) is based on the
melting temperature constraint in the corner vial. Thus,
in these two cases, the primary drying time for the cor-
ner vials is the shortest among all the vials on the tray,
as shown in Table 2. Furthermore, the corner vials in
cases (a) and (c) receive significant amounts of heat from
the tray side and the drying chamber wall, respectively,
and, thus, the temperature, Ti,, of the lower heating
plate (tray) is much lower than in case (b) and does
not dry the product in the overwhelming majority of
the vials (center vials) on the tray sufficiently close to
their melting temperature constraint. This results in
longer overall drying times for cases (a) and (c) as ob-
served by comparing the results in Table 2.

The time quoted for “changeover” in Table 2 gives
the drying time taken up by the phenomenon where
there is a time period when primary and secondary dry-
ing coexist [3,6,12—14] within the vial, and, thus, the time
difference #, — 1, (Fig. 2d) provides the value of the
changeover time. The data in Table 2 indicate that the

At time (h) Location of vial
Center Side Corner
Is 2s 3s

Case (a)

2.0 0.06 0.95 1.50 1.57 2.17
4.0 0.07 0.99 1.53 1.60 2.18
6.0 0.07 1.01 1.54 1.62 2.19
7.5 0.07 1.02 1.56 1.64 2.21
Case (b)

2.0 0.09 0.33 0.29 0.41 0.45
4.0 0.09 0.29 0.24 0.35 0.38
6.0 0.08 0.26 0.20 0.30 0.31
7.5 0.09 0.24 0.17 0.27 0.27
Case (c)

2.0 0.06 0.93 1.46 1.52 2.08
4.0 0.06 1.19 1.92 1.97 2.70
6.0 0.06 1.36 2.20 2.25 3.09
7.5 0.06 1.45 2.35 2.40 3.31

changeover time is significantly smaller in case (b) when
compared with cases (a) and (c). This result would sug-
gest that the curvature of the moving sublimation inter-
face in the vials of case (b) would be substantially
smaller than that of cases (a) and (c). This is found to
be the case by comparing the values of the angle f in
Table 3 and the shape of the moving sublimation inter-
face in Fig. 4a—c. The value of the tangent of the angle f§
is obtained from Eq. (4)

OH (t,r)

tan f = o

(4)
r=R
where f is the angle between the horizontal and a tan-
gent to the interface surface at r = R; thus, the angle f§
gives a quantitative measure of the curvature of the
interface. The value of the angle f is determined
[3,6,12,14] from the generated form of H(¢,r) using Eq.
(4). From Table 3, it can be observed that for case (b)
the values of the angle f in the center vials are very small
while the values of the angle f for the side and corner
vials are significantly smaller than the values of the angle
p for the center, side, and corner vials of cases (a) and
(c). In Fig. 4a—c, the profile of the moving sublimation
interface, H(¢,r), along r and its position along z at var-
ious times during the primary drying stage is presented
in the different types of vials on the tray, for cases (a)-
(c), respectively. All z-axes are drawn to the same scale
and, thus, the curvature of the interface as it proceeds
in time for the three cases can be compared. It is noted
here that in Fig. 4a—c, the r and z-axes have different
scales and, thus, the values of the angle  in Table 3
are not faithfully represented in these figures. The
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Fig. 4. Locus of moving sublimation interface, H(z,r), for cases (a)—-(c) and for the (i) center, (ii) 1s side, (iii) 2s side, (iv) 3s side, and (v)
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corner vials; 1 =2h, 2=4h, 3=6h, and 4 = 7.5 h. Fig. 4a—c represent the results for cases (a)-(c), respectively.

progress of the moving interface is greatest for the prod-
uct in the center vial in case (b), followed by the 3s vial,

the 2s vial, the corner vial, and then by the 1s vial. In
cases (a) and (c), the progress of the interface is greatest
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for the product in the corner vial, followed by the 3s vial,
the 2s vial, the 1s vial, and then by the center vial. The
largest curvature of the interface occurs for all times in
the product of the corner vials and the lowest in the
product of the center vials. It is observed that in Fig.
4b, the velocity of the interface proceeding down the
product does not vary as much among vials placed at
different locations on the tray, as shown by the positions
of the moving interface on the z-axis at the same time, ¢,
for the different types of vials, when the tray side is re-
moved and the drying chamber wall temperature is at
263.15 K (case (b)). It has been shown [3,6,12,14] that
as the curvature of the moving sublimation interface be-
comes smaller, then the distribution of the concentration
of bound water at the end of the secondary drying stage
becomes more uniform, and this result is desirable for
the long-term stability of the pharmaceutical product.
In Fig. 5a—c, the temperature distribution in the
product at the end of the secondary drying stage is pre-
sented for cases (a)—(c), respectively. In all contour plots
presenting temperature distributions in the product in
the vial, the solid and dotted lines are isotherms; the dot-
ted lines represent equal graduations in temperature be-
tween the temperature values quoted on the solid lines.
The results in Fig. 5a—c show that the temperature gra-
dient in the longitudinal direction is smallest in the prod-
uct in the vials of case (a), and the temperature gradient
in the longitudinal direction in the product in the vials of
case (c) is smaller than that of case (b). The results in
Fig. 5a—c indicate that the temperature distribution is
most uniform in the center vial for all cases (a)-(c),
and it is worth mentioning again here that more than
90% of all vials on the tray are center vials. The results
in Fig. 5a—c indicate that the temperature distribution
in the product in the vial at the end of the lyophilization
process is affected by the position of the vial on the tray
and the magnitude of the drying chamber wall tempera-
ture. In Fig. 6a—c, the distribution of the concentration
of bound water in the product in the vial at the end of
the lyophilization process is presented for cases (a)—(c),
respectively. In all contour plots presenting the distribu-
tion of the concentration of bound water in the product,
the solid and dotted lines are isoconcentrations; the dot-
ted lines represent equal graduations in concentration of
bound water between the concentration of bound water
values quoted on the solid lines. The results in Table 3
and Fig. 4a—c together with the results in Fig. 6a—c
clearly show that the degree of relative uniformity in
the distribution of the concentration of bound water in
the product in the vials at the end of the lyophilization
process is increased when the curvature of the moving
interface (or the value of the angle f) is decreased. It is
noted here that the most uniform distribution of the
concentration of bound water, exhibited by the smallest
gradients in the distribution of the concentration of
bound water both in the longitudinal and radial direc-

tions, is obtained for case (b) where the tray has no tray
side and the drying chamber wall temperature, Ty, iS
kept at 263.15 K at all times. It should be noted here
that the initial concentration, 2, of bound water every-
where in the product at the start of the primary drying
stage was equal to 0.6415 kg water/kg solid.

The value of the percentage of bound water remain-
ing in the product in the vials at the end of the lyophili-
zation process relative to the amount of bound water in
the vials at the start of the primary drying stage has been
shown [4] to be an important parameter for maintaining
product stability and quality during storage of the prod-
uct. The values comparing the percentage of bound
water remaining in the product in the vials at the end
of the lyophilization process relative to the amount of
bound water in the vials at the start of the primary dry-
ing stage for cases (a)—(c) are presented in Table 4. The
data in Table 4 clearly show that in case (b) where the
tray side is removed and the drying chamber wall tem-
perature is kept at 263.15K at all times, the total
amount of bound water remaining in the product in
the side and corner vials is much closer to the total
amount of bound water remaining in the product in
the center vials at the end of the lyophilization process,
when compared with the differences in the total amount
of bound water remaining in the product in the side, cor-
ner, and center vials of cases (a) and (c). This indicates
that a larger portion of the vials on the tray in case (b)
will have an amount of bound water remaining in the
product at the end of the lyophilization process that is
closer to the desirable amount (3%) necessary for the
stability of the product during storage [4]. This is also
supported by the results in Fig. 6a—c where for case
(b) the vials located at different locations on the tray
are found to have concentrations of bound water that
are closer in magnitude to each other than for cases
(a) and (c).

The inter-vial dynamic water loss for cases (a)—(c) is
presented in Figs. 7-9, respectively. By comparing the
results in Figs. 7-9, it can be observed that the water loss
in vials located at different positions on the tray has the
highest degree of uniformity in case (b), as shown by the
overlapping curves in Fig. 8; it is also important to note
again here that case (b) has the shortest overall drying
time, as shown previously in Table 2. In cases (a) and
(c), water loss is highest in the corner vial, followed by
the 3s vial, the 2s vial, the 1s vial, and is lowest in the
center vial. In both cases (a) and (c), the water loss in
the 2s vial and the 3s vial is very similar, as shown in
Figs. 7 and 9. In case (a), this is because both of these
vials have very similar view factors from their curved
sides to the tray side, Fiay side> as reported in Table 1;
it should be noted again here that in case (a) the lower
heating plate and the tray side have the same tempera-
ture during the lyophilization process. In case (c), the
similarity in the water loss with time in the 2s and 3s
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(iv) 3s side, and (v) corner vials. Fig. 5a—c
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shown in Table 1. Finally, while the difference in the
overall drying times between cases (a) and (c) is insignif-

(ii) 1s side, (iii) 2s side
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(iii)

5

(©)
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(i)

@
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Fig. 5. Temperature distribution in the product at the end of the lyophilization process for case (a) (time 7 = 22.13 h), case (b) (time
and case (c) (time ¢ = 22.18 h), and for the (i) center

¢=120.60 h),
vials is due to the similarity in the view factors from their

curved sides to the drying chamber wall, Fy,side, as

represent the results for cases (a)-(c), respectively.
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Fig. 6. Distribution of the concentration of bound water, cg, (kg water/kg solid), in the product at the end of the lyophilization process
for case (a) (time ¢ = 22.13 h), case (b) (time z = 20.60 h), and case (c) (time ¢ = 22.18 h), and for the (i) center, (ii) 1s side, (iii) 2s side,
(iv) 3s side, and (v) corner vials. Fig. 6a—c represent the results for cases (a)—(c), respectively.

icant (Table 2), it can be observed by comparing Figs. 7 smaller in case (c) where there is no tray side than in case
and 9 that the differences in inter-vial water losses are (a) where there is a tray side. It is also important to
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Table 4

Percentage of bound water remaining in the product in the vials at the end of the lyophilization process relative to the amount of bound
water in the product in the vials at the start of the primary drying stage for cases (a)—(c)

Center vials Side vials Corner vials
1s 2s 3s
Case (a)
Tray with tray side and Ty = 263.15 K
Percentage (%) 3.00 247 2.10 2.08 1.82
Case (b)
Tray without tray side and 7Ty, = 263.15 K
Percentage (%) 3.00 3.21 3.16 3.15 3.20
Case (c)
Tray without tray side and 7Ty,; = 293.15K
Percentage (%) 3.00 2.39 2.08 2.05 1.81
35 35
304 3.0
25 25
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Fig. 7. Water loss as a function of time for the vials of case (a).
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Fig. 8. Water loss as a function of time for the vials of case (b).

mention here that the results in Figs. 7-9 are supported
by the experimental data of the systems studied by
Kobayashi et al. [2].

Time (hours)

Fig. 9. Water loss as a function of time for the vials of case (c).
4. Conclusions and remarks

For all three lyophilization cases (a)—(c) studied in
this work, fast drying times and relatively uniform distri-
butions in the concentration of bound water at the end
of the secondary drying stage were obtained by heat in-
put control that runs the lyophilization process close to
the melting and scorch temperature constraints. By com-
paring the results obtained for cases (a)—(c), it was found
that case (b) where the trays have no tray sides and the
drying chamber wall was kept at 263.15 K (i) yields the
shortest overall drying time, (ii) provides the most uni-
form water loss among vials located at different posi-
tions on the tray, and (iii) produces a more uniform
distribution of concentration of bound water in the
product in the vials at the end of the secondary drying
stage of the lyophilization process. The results of this
work indicate that it would be beneficial to operate the
lyophilization process of a product in vials by (1)
employing freeze-dryers whose trays have no tray sides,
(2) using heat input control that runs the lyophilization
process close to the melting temperature constraint
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during the primary drying stage and close to the scorch
temperature constraint during the secondary drying
stage, and (3) keeping the drying chamber wall temper-
ature slightly higher than the melting temperature con-
straint during the primary drying stage, while during
the secondary drying stage the drying chamber wall tem-
perature should not be significantly lower than the
scorch temperature constraint. Furthermore, the experi-
mental observations of Kobayashi et al. [2] can be ex-
plained by the theoretical results obtained in this work
and also the modeling and system formulation approach
presented here provide a quantitative method that can
be used in the analysis, optimization and control of
the freeze-drying process, as well as in the design of
freeze-dryers.

Finally, since it is very important to control the dry-
ing chamber wall temperature during the freezing stage
[11-13] of the lyophilization process and the results of
this work indicate that it would be desirable to keep
the drying chamber wall temperature, in freeze-dryers
using trays without tray sides, close to the melting and
scorch temperature constraints during the primary and
secondary drying stages, respectively, it seems appropri-
ate that pilot-scale and industrial freeze-dryers should be
constructed to have the capability to implement control
of the drying chamber wall temperature.
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